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1. Introduction
Let F be a field. The real arithmetic of F deals first and foremost with the orderings on F . The set XF of all such
orderings carries a natural topology, the so-called Harrison topology, which is Boolean, i.e., compact, Hausdorff, and totally
disconnected. Conversely, every Boolean space is realizable as XF for some field F [5, Th. 5].
Another important topological spacewhich arises in this context is the spaceMF ofR-places of a field F . It was studied, for
example, in [1–4,7,10,11,21]. From a real algebraic geometry viewpoint, XF may be identified with the set of minimal points
in the real spectrum Sper(HF ) for the real holomorphy ringHF of F , whereasMF may be identified with the set of maximal
points of this spectrum [1, Th. 2.12]. There is a canonical surjection λF : XF → MF which induces a quotient topology on
MF . This topology is compact and Hausdorff, but in general not totally disconnected. In [1], Becker and Gondard ask which
topological spaces are realizable as MF for a field F . In this paper, we show that the family of topological spaces which are
realizable in this way is closed under three topological constructions:
(i) finite disjoint unions;
(ii) closed subsets;
(iii) direct products with Boolean spaces.
Related results are known in the context of Marshall’s (abstract) spaces of orderings (or equivalently, reduced abstract
Witt rings). In particular, it was shown that the class of such structures which are realizable over fields is closed under
finite direct sums and extensions (see e.g. [6,17,18]). The former construction corresponds to (i). The latter construction
corresponds to the construction of a 2-Henselian field F with a given residue field F¯ . However, for spaces of real places this
is not interesting, since the topological spacesMF ,MF¯ are homeomorphic (Lemma 3.7).
In Section 2, we review for the reader’s convenience some well-known facts about orderings and valuations, as well as
various functorial properties of XF . This is used in Section 3 to give a systematic description of the analogous properties
of MF . To make this possible, we interpret the standard analytical definition of R-places by an equivalent one, which is in
terms of the tree of localities on the field. In Section 4, we show (i), by combining the results of Section 3 with constructions
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developed in [6, Th. 2.1(b)] and [12, Th. 3.3] (in the context of reducedWitt rings and quadratic form schemes, respectively).
The proof of (ii) is then given in Section 5. Finally, in Section 6, we combine constructions (i) and (ii) to achieve (iii).
2. Localities
Throughout this paper, we assume general familiarity with the theory of ordered and valued fields, and refer to [8] and
[14] as our main sources. In particular, by an ordering on a field F we mean a strictly positive cone, i.e., an additively closed
subgroup P of index 2 of the multiplicative group F× of F .
Given a (Krull) valuation v on F , we write Ov , mv , O×v , and F¯v for the corresponding valuation ring, valuation ideal, group
of units, and residue field, respectively. Also, let πv : F → F¯v∪{∞} be the associated place.Wewill not distinguish between
equivalent valuations.
Next we recall some terminology from [8]. A locality on the field F is either an ordering or a valuation. The trivial locality
is the trivial valuation 0. For a locality ω on F , we define a subgroup Gω of F× by
Gω =

1+ mv if ω = v is a valuation,
P if ω = P is an ordering.
We say that a locality ω1 is coarser than a locality ω2 (and that ω2 is finer than ω1) if Gω1 ≤ Gω2 . In this case we write
ω1 ≤ ω2.
Let u be a valuation and let ω be a locality with u ≤ ω. The quotient locality ω/u on F¯u is the quotient valuation v/u if
ω = v is a valuation [8, p. 56], and is the pushdown ordering P/u = πu(P∩O×u ) ifω = P is an ordering [8, Prop. 7.1.3]. When
u ≤ v, we may identify (F¯v)u/v = F¯u [8, Prop. 5.2.1(e)]. If P is an ordering finer than v, then Ker(πu) = 1+ mu ≤ P ∩ O×v , so
(P/u) ∩ O×v/u = πu(P ∩ O×u ) ∩ πu(O×v ) = πu(P ∩ O×v ),
whence
(P/u)/(v/u) = πv/u((P/u) ∩ O×v/u) = πv(P ∩ O×v ) = P/v. (2.1)
Next let P be an ordering on F and identify Q as a subfield of F . Recall that P is Archimedean if the following equivalent
conditions hold [8, Prop. 6.3.1 and Prop. 7.3.1(c)]:
(a) for every a ∈ F there exists q ∈ Q such that q± a ∈ P;
(b) there is no nontrivial valuation on F coarser than P;
(c) (F , P) uniquely embeds in (R, (R×)2) as ordered fields.
Recall that for every ordering P on F there is a finest valuation vP which is coarser than P [8, Prop. 7.3.1(a)(b)].
Lemma 2.1. Let P be an ordering F and let u be a valuation on F which is coarser than P. Then
(a) vP/u = vP/u;
(b) u = vP if and only if P/u is an Archimedean ordering on F¯v;
(c) (P/u)/vP/u = P/vP .
Proof. (a) The map v → v/u is an order-preserving bijection between the valuations v on F finer than u and the valuations
on F¯u [8, Prop. 7.2.1]. Moreover, it associates valuations v coarser than P to valuations coarser than P/u. Since vP is the finest
valuation on F coarser than P , the quotient vP/u is therefore the finest valuation on F¯u coarser than P/u.
(b) This follows from (a).
(c) By (a) and (2.1), (P/u)/vP/u = (P/u)/(vP/u) = P/vP . 
For a ∈ F×, let HF (a) be the set of all orderings P on F with a ∈ P . These sets form a subbasis of clopen sets for the
Harrison topology on XF . It is compact, Hausdorff, and totally disconnected [15, VIII, Th. 6.3]. For any field extension E/F , the
restriction map ResF : XE → XF , P → P ∩ F , is continuous and has the usual functorial properties. For a valuation u on the
field F , we set
XF (u) = {P ∈ XF | u < P}.
Observe that XF (u) =a∈mu HF (1+ a) is closed in XF .
Finally, consider the residue map ∂u : XF (u)→ XF¯u , P → P/u.
Lemma 2.2. ∂u is surjective and continuous.
Proof. The surjectivity follows from the Baer–Krull correspondence (see e.g., [8, Th. 26.2.1]). For the continuity, take a ∈ O×u .
Then
∂−1u (HF¯u(πu(a)) = {P ∈ XF (u) | πu(a) ∈ P/u}
= {P ∈ XF (u) | a ∈ P} = HF (a) ∩ XF (u). 
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It is straightforward to check that, for an extension (E, u)/(F , v) of valued fields, the following square commutes:
XE(u)
ResF /
∂u

XF (v)
∂v

XE¯u
ResF¯v / XF¯v .
(2.2)
3. R-places
The next proposition allows us to describe the somewhat analytical notion of an R-place in terms of the coarsening
relation among localities, and without explicitly referring to R.
Proposition 3.1. There is a natural bijection between
(1) places π : F → R ∪ {∞};
(2) pairs (v, P¯), where v is a valuation on F and P¯ is an Archimedean ordering on F¯v (i.e., vP¯ = 0).
Proof. For a place π as in (1), let v be the corresponding valuation. The natural ordering on R induces an Archimedean
ordering P¯ on F¯v .
Conversely, for (v, P¯) as in (2), the composition of the placeπv : F → F¯v∪{∞} and the embedding (F¯v, P¯) ↩→ (R, (R×)2)
is a place as in (1).
It is straightforward to verify that these two constructions are inverse to each other. 
We denote the space of all pairs (v, P¯) as in (2) byMF . By an abuse of terminology, we refer to them as R-places.
In view of Lemma 2.1(b), there is a well-defined map
λF : XF → MF , P → (vP , P/vP).
This map is surjective. Indeed, given (v, P¯) ∈ MF , take P ∈ XF (v) with P/v = P¯ (Lemma 2.2). Since P¯ is Archimedean,
Lemma 2.1(b) implies that v = vP . Hence λF (P) = (v, P¯), as required. Consequently, MF is endowed with the quotient
topology induced from XF via λF . This topology is compact and Hausdorff [14, p. 76].
Remarks 3.2. (1) Our definition of λF coincides with the one given in [14, Section 9], once one makes the identification as
in Proposition 3.1. Therefore we may indeed use the relevant results from [14].
(2) For every compact Hausdorff space M there exists a Boolean space X and a continuous surjective map X → M
[9, Th. 3.2.2]. Therefore the existence of the epimorphism λF does not restrict the class of topological spaces realizable
as spaces of R-places.
In analogy with spaces of orderings, for a valuation u on F , we define
MF (u) = {(v, P¯) ∈ MF | u ≤ v}.
One has
λ−1F (MF (u)) = XF (u). (3.1)
Indeed, an ordering P is in λ−1F (MF (u)) if and only if u ≤ vP , which is equivalent to u < P . Since XF (u) is closed in XF , this
gives the following.
Corollary 3.3. MF (u) is closed in MF .
In view of the identification F¯v = (F¯u)v/u for valuations u ≤ v, there is a well-defined residue map
∂u : MF (u)→ MF¯v , (v, P¯) → (v/u, P¯).
Lemma 3.4. The following square commutes:
XF (u)
λF /
∂u

MF (u)
∂u

XF¯u
λF¯u / MF¯u .
(3.2)
Proof. For P ∈ XF (u), Lemma 2.1(a)(c) gives
(∂u ◦ λF )(P) = ∂u(vP , P/vP) = (vP/u, P/vP)
= (vP/u, (P/u)/vP/u) = λF¯u(P/u) = (λF¯u ◦ ∂u)(P). 
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Proposition 3.5. ∂u : MF (u)→ MF¯u is a homeomorphism.
Proof. In (3.2), the lower horizontal map is surjective and continuous. By Lemma 2.2, so is the left vertical map. We obtain
the same for the right vertical map.
For the injectivity, take (v1, P¯1), (v2, P¯2) ∈ MF (u)with ∂u((v1, P¯1)) = ∂u((v2, P¯2)). Thus v1/u = v2/u and P¯1 = P¯2. Then
v1 = v2 [8, Prop. 7.2.1(d)], as desired.
Finally, by Corollary 3.3,MF (u) is compact. SinceMF¯u is Hausdorff, the continuous bijection ∂u is a homeomorphism. 
For any field extension E/F , there is a restriction map ResF : ME → MF , (v, P¯) → (v|F , P¯ ∩ F¯v|F ). It has the standard
functorial properties, and the following square commutes:
XE
λE /
ResF

ME
ResF

XF
λF / MF .
(3.3)
It follows that ResF : ME → MF is continuous.
Lemma 3.6. Let Fi, i ∈ I , be a direct system of fields with respect to inclusions, and let F = lim−→ Fi. Then lim←− ResFi : MF → lim←−MFi
is a homeomorphism.
Proof. For (v, P¯) ∈ MF and i ∈ I , let vi = v|Fi and P¯i = P¯ ∩ F¯vi . Then v and P¯ are the unions of the vi and P¯i, respectively. We
conclude that lim←− ResFi : MF → lim←−MFi is a bijection. The diagram
XF
λF /

MF

lim←− XFi
lim←− λFi / lim←−MFi
commutes. Both the left vertical map and the lower horizontal map are continuous. Hence so is the right vertical map. Now
use again the fact that a continuous bijection of a compact space onto a Hausdorff space is a homeomorphism. 
The next fact is useful in the case of Henselian valuations.
Lemma 3.7. Let u be a valuation on a field F with 1 + mu ≤ (F×)2. Then XF = XF (u), MF = MF (u), and ∂u : MF → MF¯u is a
homeomorphism.
Proof. The first equality is immediate. The second equality follows from (3.1). The last assertion follows from Proposi-
tion 3.5. 
Next consider an extension (E, u)/(F , v) of valued fields. The following square commutes:
ME(u)
ResF /
∂u

MF (v)
∂v

ME¯u
ResF¯v / MF¯v .
(3.4)
Indeed, apply the functor λ on the analogous square (2.2) for spaces of orderings, and use its commutativity with ∂ and Res
(diagrams (3.2), (3.3)).
Corollary 3.8. Let (F , u) be a valued field with 1+mu ≤ (F×)2. Let K be a subfield of F such that u is trivial on K andπu : K → F¯u
is an isomorphism. Then ResK : MF → MK is a homeomorphism.
Proof. By (3.4) for the extension (F , u)/(K , 0), we may identify ∂u : MF → MF¯u with ResK . Now apply Lemma 3.7. 
The extension (E, u)/(F , v) is immediate if E¯u = F¯v and u(E×) = v(F×).
Lemma 3.9. For an immediate extension (E, u)/(F , v) of valued fields,
(a) ResF : XE(u)→ XF (v) is a homeomorphism;
(b) ResF : ME(u)→ MF (v) is a homeomorphism.
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Proof. (a) See [14, Cor. 3.17].
(b) There is a commutative square with surjective horizontal maps
XE(u)
λE /
ResF

ME(u)
ResF

XF (v)
λF / MF (v).
By (a), the left vertical map is surjective. Hence so is the right vertical map.
For the injectivity, take (w, P¯) ∈ ME(u) and take P ∈ XE with P¯ = P/u = πu(P ∩ O×u ). By the immediateness,
E× = F×(1 + mu) [8, Lemma lem3.2.5]. Further, 1 + mu ≤ 1 + mw , so w is trivial on 1 + mu. Hence w is determined
by its values on F×. Likewise, πu is trivial on 1+mu, and therefore it is determined by its values on F×. Thus P¯ is determined
by ResF P¯ = πv(P ∩ O×v ).
NowME(u) is closed inME (Corollary 3.3), and hence compact, andMF (v) is Hausdorff. Therefore the continuous bijection
ResF : ME(u)→ MF (v) is a homeomorphism. 
4. Unions
First we ‘‘inflate" fields without changing their spaces of R-places.
Proposition 4.1. Given a field K and a cardinal number α, there exists a field F extending K with tr.deg F/K = α and such that
ResK : MF → MK is a homeomorphism.
Proof. We may assume that char K = 0. Consider the formal power series field K((Zα)), with the standard lexicographic
order onZα , and its subfieldK(Zα) of generalized rational functions [8, Sections 2.8–2.9]. Also consider the natural Henselian
valuation v : K((Zα))× → Zα , v(f ) = min Supp(f ) [8, Cor. 18.4.2]. Let F be the relative algebraic closure of K(Zα) in K((Zα))
with the valuation v0 induced by v. Then F¯v0 = K . By [8, Prop. 15.3.3], (F , v0) is also Henselian. Hence 1 + mv0 ≤ (F×)2
[8, Prop. 18.2.1], so, by Corollary 3.8, ResK : MF → MK is a homeomorphism.
Finally, by [8, Prop. 2.9.1],
tr.deg K(Zα)/K = dimQ(Zα ⊗Z Q) = dimQ(Qα) = α,
whence also tr.deg F/K = α. 
Proposition 4.2. Let v1, . . . , vn be distinct valuations of rank 1 on a field F . For each 1 ≤ i ≤ n, let (Ei, ui) be an immediate
Henselian extension of (F , vi), and assume that F =ni=1 Ei. Then
(a) XF = · ni=1XF (vi);
(b) MF = · ni=1MF (vi);
(c) ResF : · ni=1XEi → XF is a homeomorphism;
(d) ResF : · ni=1MEi → MF is a homeomorphism.
Proof. (a) The Henselity implies as before that 1+ mui ≤ (E×i )2. For every P ∈ XF , we get
n
i=1
(1+ mui) ≤
n
i=1
(E×i )
2 = (F×)2 ≤ P.
Hence−P∩ni=1(1+mvi) = ∅. By theWeak Approximation Theorem [8, Th. 10.1.7], P, v1, . . . , vn are therefore dependent.
Since v1, . . . , vn have rank 1, necessarily vi < P for some i. Thus XF =ni=1 XF (vi).
Furthermore, the valuations coarser than a given locality on F are linearly ordered by coarsening [8, Prop. 7.3.5]. Therefore
the sets XF (vi), i = 1, . . . , n, are disjoint.
(b) This follows from (a), (3.1), and [8, Prop. 7.3.5] again.
(c), (d) By Lemmas 3.7 and 3.9, ResF : XEi → XF (vi) and ResF : MEi → MF (vi) are homeomorphisms for each i. Now use
(a) and (b), respectively. 
Theorem 4.3. Let L1, . . . , Ln be fields. There exists a field F such that MF ∼= · ni=1MLi .
Proof. We may assume that each Li contains Q, since otherwise MLi = ∅. By Proposition 4.1 we can assume that tr.deg Li,
i = 1, . . . , n, are all equal. By fixing transcendence bases, we may then assume that the Li are all algebraic extensions of
Q(T ) for some set T of algebraically independent elements.
Let t be a transcendental element over Q(T ). For 1 ≤ i ≤ n, consider the canonical valuation wi on Ki = Li((t + i)).
Note that wi is discrete and Henselian [8, Cor. 18.4.2] and has residue field Li. Let Ei be the relative algebraic closure of
Li(t) = Li(t + i) in Li((t + i)), and let ui be the restriction of wi to Ei. By [8, Prop. 15.3.3], (Ei, ui) is also Henselian, whence
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1 + mui ≤ (E×i )2. Since the extension (Li((t + i)), wi)/(Ei, ui) is immediate, (Ei)ui = Li. By Corollary 3.8, ResLi : MEi → MLi
is a homeomorphism.
Now let F =ni=1 Ei and let vi = ui|F , i = 1, . . . , n. ThusQ(T ∪{t}) ⊆ F ⊆ Ei are algebraic extensions, and v1, . . . , vn are
distinct and discrete. By [19, Satz 2.8], each (Ei, ui) is a decomposition field of (F , vi), and hence is an immediate extension.
Now apply Proposition 4.2(d). 
Remark 4.4. When L := L1 = · · · = Ln, the above construction gives an extension F of L of transcendence degree 1 such
thatMF is homeomorphic via restriction to the disjoint union of n copies ofML.
5. Subspaces
In this section, we show that the class of topological spaces realizable as spaces of R-places is closed under taking
closed subsets. Our proof is partly based on ideas of Craven [5, Prop. 2] in the context of spaces of orderings, as well as
on constructions from [16,20].
We fix a field F of characteristic 0. Recall that the real holomorphy ring HF of F is the intersection of all valuation rings of
F which have formally real residue fields. Given a ∈ HF , we set
UF (a) = {(v, P¯) ∈ MF | πv(a) ∈ P¯}.
By [14, Th. 9.11], the sets UF (a), a ∈ HF , form a subbasis of the topology ofMF .
Proposition 5.1. Let a ∈ F \ F 2 and let E = F(√a).
(a) Every P ∈ HF (a) has exactly two extensions to XE , and exactly one of them is in HE(√a).
(b) If a ∈ HF , then every (v, P¯) ∈ UF (a) has exactly two extensions to ME , and exactly one of them is in UE(√a).
Proof. (a) [13, Cor. 9.3].
(b) Letw1, . . . , wg be the distinct extensions of v to E. By the fundamental inequality of valuation theory [8, Th. 17.1.5],
the ramification indices e(wi/v) and inertia degrees f (wi/v) satisfy
g−
i=1
e(wi/v)f (wi/v) ≤ [E : F ] = 2.
We therefore have the following cases.
Case I: g = 1. Then f (w1/v) ≤ 2, i.e., [E¯w1 : F¯v] ≤ 2. By (a), P¯ has at most two extensions to E¯w1 , so (v, P¯) has at most
two extensions toME .
Case II: g = 2. Then F¯v = E¯w1 = E¯w2 . Therefore (w1, P¯) and (w2, P¯) are the only extensions of (v, P¯) toME .
Thus in both cases (v, P¯) has at most two extensions toME .
To complete the proof, it is therefore enough to construct an extension of (v, P¯) in UE(
√
a), as well as an extension not
in UE(
√
a).
To this end, pick P ∈ XF with λF (P) = (v, P¯). Then v = vP , 1 + mv = 1 + mvP ≤ P and πv(a) ∈ P¯ = P/vP , so
a ∈ π−1v (P¯) = P . By (a), there are two extensions Q ,Q ′ of P to E, with
√
a ∈ Q and−√a ∈ Q ′. Note that vQ , vQ ′ extend vP .
Since πvP (a) = πv(a) ∈ P¯ , one has πvP (a) ≠ 0,∞, whence also πvQ (
√
a), πvQ ′ (
√
a) ≠ 0,∞. Therefore πvQ (
√
a) ∈ Q/vQ
and−πvQ ′ (
√
a) ∈ Q ′/vQ ′ . Thus λE(Q ) ∈ UE(√a) and λE(Q ′) ∉ UE(√a). 
For a ∈ F× we fix a compatible system ai = a1/2i , i = 0, 1, 2, . . ., of 2i-roots of a, i.e., a2i+1 = ai for every i. Let
F(a1/2
∞
) = F(ai | i = 0, 1, 2, . . .).
Lemma 5.2. Let a ∈ HF . Then ResF : UF(a1/2∞ )(a)→ MF is injective.
Proof. Let i ≥ 0. As a ∈ HF , also ai+1 ∈ HF(ai+1). We first show that the image of Res : UF(a1/2∞ )(a)→ MF(ai+1) is contained
in UF(ai+1)(ai+1). Indeed, for (v, P¯) in this image, πv(a) ≠ 0, whence πv(ai+1) ≠ 0. Since ai+1 = a2i+2 is a square in F(ai+2),
this implies that (v, P¯) ∈ UF(ai+1)(ai+1).
By Proposition 5.1(b) (with F , a replaced by F(ai), ai, respectively), Res : MF(ai+1) → MF(ai) is injective on UF(ai+1)(ai+1),
and hence on the image of Res : UF(a1/2∞ )(a)→ MF(ai+1). The assertion follows. 
We will also need the following separation criterion.
Lemma 5.3 ([14, Prop. 9.13]). The following conditions on closed subsets A, B of XF are equivalent:
(a) λF (A) ∩ λF (B) = ∅;
(b) there exists 0 ≠ a ∈ HF such that A ⊆ HF (a), B ∩ HF (a) = ∅, and vQ (a) = 0 for every Q ∈ A ∪ B.
Theorem 5.4. Let Y be a closed subset of MF . There exists an algebraic extension E of F such that
(a) ResF : XE → XF maps XE bijectively onto λ−1F (Y );
(b) ResF : ME → MF maps ME bijectively onto Y ;
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Proof. The set Z = λ−1F (Y ) is closed in XF . For each P ∈ XF \ Z , Lemma 5.3 yields aP ∈ HF such that Z ⊆ HF (aP), P ∉ HF (aP),
and vQ (aP) = 0 for every Q ∈ Z ∪ {P}. It follows that Z =P∈XF \Z HF (aP).
For every extension F ′ of F and every P ∈ XF \Z , we denote F ′P = F ′(a1/2
∞
P ). Let E be the compositum of all fields FP , where
P ∈ XF \ Z . The fact that ResF : XE → XF is injective and has image Z is shown in [5, proof of Prop. 2]. By the commutative
diagram (3.3), the image of ResF : ME → MF is therefore Y = λF (Z). It remains to prove that Res : ME → MF is injective.
To this end, consider first arbitrary P ∈ XF \ Z and Q˜ ∈ XE . As noted above, Q := ResF Q˜ ∈ Z . By the construction of aP ,
one has aP ∈ Q and vQ (aP) = 0. Hence, πvQ (aP) ∈ Q/vQ , so
ResF (λE(Q˜ )) = λF (Q ) = (vQ ,Q/vQ ) ∈ UF (aP).
Therefore for any subextension F ⊆ F ′ ⊆ E one has ResF ′PλE(Q˜ ) ∈ UF ′P (aP). Thus ResF ′P (ME) ⊆ UF ′P (aP), so by Lemma 5.2
(with F , a replaced by F ′, aP , respectively), Res : MF ′P → MF ′ is injective on ResF ′P (ME).
Next, let P1, . . . , Pr ∈ XF \ Z . Define inductively F0 = F and Fi = Fi−1(a1/2∞Pi ), i = 1, . . . , r . By the previous paragraph,
Res : MFi → MFi−1 is injective on ResFi(ME) for each i. It follows that Res : MFr → MF is injective on ResFr (ME). But E is the
direct limit of all fields Fr of this form. Consequently, Res : ME → MF is injective, as desired. 
Corollary 5.5. If a topological space X is realizable as a space of R-places, then so is every closed subset of X.
Proof. Consider a field F and a closed subset Y of MF . Let E be as in Theorem 5.4. Then ResF : ME → MF is continuous,
injective, and has image Y . Furthermore,ME is compact and Y is Hausdorff, so ResF : ME → Y is a homeomorphism. 
Example 5.6. The circle S1 is realizable asMR(t) [3, Th. 2.1 and Th. 7.1]. It follows from Corollary 5.5 that the interval [0, 1]
is also realizable asME for some field E. This was earlier shown in [16, Section 4].
6. Direct products
We now apply the constructions of the previous two sections to show that the class of topological spaces realizable
as spaces of R-places of fields is closed under direct products with Boolean spaces. In particular, every Boolean space is
realizable in this way, as was already shown in [20].
For set α, we consider the Cantor cube {0, 1}α as a Boolean space.
Proposition 6.1. Let F be a field and letα be a set. There is a field extension Eα/F and a homeomorphism τα : MEα ∼−→ {0, 1}α×MF
such that the following triangle commutes:
MEα
τα
∼ /
ResF %KK
KKK
KKK
KK
{0, 1}α ×MF
proj

MF .
Proof. Wemay assume that α is an ordinal number.We construct Eα and τα by transfinite induction on α, so that for α′ < α
one has Eα′ ⊆ Eα with a commutative square
MEα
τα
∼ /
ResE
α′

{0, 1}α ×MF

MEα′
τα′
∼ / {0, 1}α′ ×MF .
(6.1)
When α = 0, take E0 = F and τ0 = id.
Next, suppose that α = β + 1 for some ordinal number β , and that Eβ , τβ have already been constructed. We identify
{0, 1}×MEβ ∼= MEβ ·∪MEβ . In view of Remark 4.4, there is an extension E/Eβ and a homeomorphism σ with a commutative
triangle
ME
ResEβ $J
JJ
JJ
JJ
JJ
J
σ / {0, 1} ×MEβ
proj

MEβ .
Now take Eα = E and τα = (id× τβ) ◦ σ . Then (6.1) holds for α′ = β , and therefore for all α′ < α.
Finally, let α be a limit ordinal. We take E = α′<α Eα′ . Then ME = lim←−α′<α MEα′ (Lemma 3.6). We take τ =
lim←−α′<α τα′ . 
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Corollary 6.2. Let F be a field and X a Boolean space. There exists a field extension K of F such that MK is homeomorphic to
X ×MF .
Proof. Since X is Boolean, it embeds in {0, 1}α for some set α [9, Th. 6.2.16]. Proposition 6.1 yields a field extension E of F
withME ∼= {0, 1}α ×MF . Now apply Theorem 5.4(b). 
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